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Fourier Series

Fourier series were first formalized by the French mathematician Jean-
Ž .Baptiste Joseph Fourier 1768�1830 as a result of his work on solving a

particular partial differential equation known as the heat conduction equa-
tion. However, the actual introduction of the so-called Fourier theory was
motivated by a problem in musical acoustics concerning vibrating strings.

Ž .Daniel Bernoulli 1700�1782 is credited as being the first to model the
motion of a vibrating string as a series of trigonometric functions in 1748,
twenty years before the birth of Fourier. The actual development of Fourier
theory took place in 1807 upon Fourier’s return from Egypt, where he was a
participant in the Egyptian campaign of 1798 under Napoleon Bonaparte.

11.1. INTRODUCTION

A series of the form

�a0 w xq a cos nxqb sin nx 11.1Ž .Ý n n2 ns1

Ž .is called a trigonometric series. Let f x be a function defined and Riemann
w xintegrable on the interval y� , � . By definition, the Fourier series associ-

Ž . Ž .ated with f x is a trigonometric series of the form 11.1 , where a and bn n
are given by

�1
a s f x cos nx dx , ns0, 1, 2, . . . , 11.2Ž . Ž .Hn � y�

�1
b s f x sin nx dx , ns1, 2, . . . . 11.3Ž . Ž .Hn � y�
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Copyright 2003 John Wiley & Sons, Inc.

ISBN: 0-471-39104-2



FOURIER SERIES472

In this case, we write

�a0 w xf x � q a cos nxqb sin nx . 11.4Ž . Ž .Ý n n2 ns1

Ž .The numbers a and b are called the Fourier coefficients of f x . Then n
symbol � is used here instead of equality because at this stage, nothing is

Ž . w xknown about the convergence of the series in 11.4 for all x in y� , � .
Ž .Even if the series converges, it may not converge to f x .

We can also consider the following reverse approach: if the trigonometric
Ž . Ž . w xseries in 11.4 is uniformly convergent to f x on y� , � , that is,

�a0 w xf x s q a cos nxqb sin nx , 11.5Ž . Ž .Ý n n2 ns1

Ž . Ž .then a and b are given by formulas 11.2 and 11.3 . In this case, then n
Ž .derivation of a and b is obtained by multiplying both sides of 11.5 byn n

w xcos nx and sin nx, respectively, followed by integration over y� , � . More
Ž . Ž .specifically, to show formula 11.2 , we multiply both sides of 11.5 by cos nx.

For n�0, we then have

�a0 w xf x cos nxs cos nxq a cos kx cos nxqb sin kx cos nx dx. 11.6Ž . Ž .Ý k k2 ks1

Since the series on the right-hand side converges uniformly, it can be
Žintegrated term by term this can be easily proved by applying Theorem 6.6.1

.to the sequence whose nth term is the nth partial sum of the series . We then
have

� �a0
f x cos nx dxs cos nx dxŽ .H H2y� y�

� � �

q a cos kx cos nx dxq b sin kx cos nx dx .Ý H Hk k
y� y�ks1

11.7Ž .

But

�

cos nx dxs0, ns1, 2, . . . , 11.8Ž .H
y�

�

sin kx cos nx dxs0, 11.9Ž .H
y�

� 0, k�n ,cos kx cos nx dxs 11.10Ž .H ½ � , ksnG1.y�



INTRODUCTION 473

Ž . Ž . Ž . Ž . Ž .From 11.7 � 11.10 we conclude 11.2 . Note that formulas 11.9 and 11.10
can be shown to be true by recalling the following trigonometric identities:

1sin kx cos nxs sin kqn x qsin kyn x ,� 4Ž . Ž .2

1cos kx cos nxs cos kqn x qcos kyn x .� 4Ž . Ž .2

Ž .For ns0 we obtain from 11.7 ,

�

f x dxsa � .Ž .H 0
y�

Ž .Formula 11.3 for b can be proved similarly. We can therefore state then
following conclusion: a uniformly convergent trigonometric series is the
Fourier series of its sum.

Ž .Note. If the series in 11.1 converges or diverges at a point x , then it0
Ž .converges or diverges at x q2n� ns1, 2, . . . due to the periodic nature of0

Ž .the sine and cosine functions. Thus, if the series 11.1 represents a function
Ž . w xf x on y� , � , then the series also represents the so-called periodic

Ž .extension of f x for all values of x. Geometrically speaking, the periodic
Ž . Ž . w xextension of f x is obtained by shifting the graph of f x on y� , � by

Ž .2� , 4� , . . . to the right and to the left. For example, for y3��xFy� , f x
Ž . Ž . Ž .is defined by f xq2� , and for ��xF3� , f x is defined by f xy2� ,

Ž .etc. This defines f x for all x as a periodic function with period 2� .

Ž . w xEXAMPLE 11.1.1. Let f x be defined on y� , � by the formula

0, y�Fx�0,°
x~f x sŽ . , 0FxF� .¢
�

Ž .Then, from 11.2 we have

�1
a s f x cos nx dxŽ .Hn � y�

�1
s x cos nx dxH2� 0

�
�1 x sin nx 1

s y sin nx dxH2 n n� 0 0

1 n
s y1 y1 .Ž .2 2� n
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Thus, for ns1, 2, . . . ,

0, n even,
a s 2 2n ½y2r � n , n odd.Ž .

Ž .Also, from 11.3 , we get

�1
b s f x sin nx dxŽ .Hn � y�

�1
s x sin nx dxH2� 0

� �1 x cos nx 1
s y q cos nx dxH2 n n� 0 0

�1 � sin nxn
s y y1 qŽ .2 2n� n 0

nq1y1Ž .
s .

� n

For ns0, a is given by0

�1
a s f x dxŽ .H0 � y�

�1
s x dxH2� 0

1s .2

Ž .The Fourier series of f x is then of the form

n� �1 2 1 1 y1Ž .
f x � y cos 2ny1 x y sin nx.Ž . Ž .Ý Ý2 24 � n� 2ny1Ž .ns1 ns1

Ž . 2Ž .EXAMPLE 11.1.2. Let f x sx y�FxF� . Then

�1
2a s x dxH0 � y�

2� 2

s ,
3
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�1
2a s x cos nx dxHn � y�

�2
�x sin nx 2

s y x sin nx dxH
� n � ny� y�

�2
sy x sin nx dxH

� n y�

�
�2 x cos nx 2

s y cos nx dxH2 2� n � ny� y�

4 cos n�
s 2n

n
4 y1Ž .

s , ns1, 2, . . . ,2n

�1
2b s x sin nx dxHn � y�

s0,

2 Ž .since x sin nx is an odd function. Thus, the Fourier expansion of f x is

� 2 cos 2 x cos 3 x
2x � y4 cos xy q y ��� .2 2ž /3 2 3

11.2. CONVERGENCE OF FOURIER SERIES

In this section, we consider the conditions under which the Fourier series of
Ž . Ž . Ž .f x converges to f x . We shall assume that f x is Riemann integrable on
w x 2Ž . w xy� , � . Hence, f x is also Riemann integrable on y� , � by Corollary

Ž .6.4.1. This condition will be satisfied if, for example, f x is continuous on
w x Žy� , � , or if it has a finite number of discontinuities of the first kind see

.Definition 3.4.2 in this interval.
In order to study the convergence of Fourier series, the following lemmas

are needed:

Ž . w xLemma 11.2.1. If f x is Riemann integrable on y� , � , then

�

lim f x cos nx dxs0, 11.11Ž . Ž .H
n™� y�

�

lim f x sin nx dxs0. 11.12Ž . Ž .H
n™� y�
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Ž .Proof. Let s x denote the following partial sum of Fourier series ofn
Ž .f x :

na0 w xs x s q a cos kxqb sin kx , 11.13Ž . Ž .Ýn k k2 ks1

Ž . Ž . Ž .where a ks0, 1, . . . , n and b ks1, 2, . . . , n are given by 11.2 andk k
Ž .11.3 , respectively. Then

� �a0
f x s x dxs f x dxŽ . Ž . Ž .H Hn 2y� y�

n � �

q a f x cos kx dxqb f x sin kx dxŽ . Ž .Ý H Hk k
y� y�ks1

2 n� a0 2 2s q� a qb .Ž .Ý k k2 ks1

It can also be verified that

2 n� � a02 2 2s x dxs q� a qb .Ž . Ž .ÝH n k k2y� ks1

Consequently,

� � � �2 2 2f x ys x dxs f x dxy2 f x s x dxq s x dxŽ . Ž . Ž . Ž . Ž . Ž .H H H Hn n n
y� y� y� y�

2 n� � a02 2 2s f x dxy q� a qb .Ž . Ž .ÝH k k2y� ks1

It follows that

2 n �a 10 2 2 2q a qb F f x dx. 11.14Ž . Ž .Ž .Ý Hk k2 � y�ks1

Ž .Since the right-hand side of 11.14 exists and is independent of n, the series
� Ž 2 2 .Ý a qb must be convergent. This follows from applying Theorem 5.1.2ks1 k k

and the fact that the sequence

n
� 2 2s s a qbŽ .Ýn k k

ks1

� Ž 2 2 .is bounded and monotone increasing. But, the convergence of Ý a qbks1 k k
Ž 2 2 . Ž .implies that lim a qb s0 see Result 5.2.1 in Chapter 5 . Hence,k™� k k

lim a s0, lim b s0. �k™� k k™� k
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Ž . w xCorollary 11.2.1. If � x is Riemann integrable on y� , � ,then

�
1lim � x sin nq x dxs0. 11.15Ž . Ž .Ž .H 2

n™� y�

Proof. We have that

x x
1� x sin nq x s � x cos sin nxq � x sin cos nx.Ž . Ž . Ž .Ž .2 2 2

Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Let � x s� x sin xr2 , � x s� x cos xr2 . Both � x and � x are1 2 1 2
Riemann integrable by Corollary 6.4.2. By applying Lemma 11.2.1 to both

Ž . Ž .� x and � x , we obtain1 2

�

lim � x cos nx dxs0, 11.16Ž . Ž .H 1
n™� y�

�

lim � x sin nx dxs0. 11.17Ž . Ž .H 2
n™� y�

Ž . Ž . Ž .Formula 11.15 follows from the addition of 11.16 and 11.17 . �

Ž . w xCorollary 11.2.2. If � x is Riemann integrable on y� , � , then

0 1lim � x sin nq x dxs0,Ž . Ž .H 2
n™� y�

�
1lim � x sin nq x dxs0.Ž . Ž .H 2

n™� 0

Ž . Ž .Proof. Define the functions h x and h x as1 2

0, 0FxF� ,
h x sŽ .1 ½ � x , y�Fx�0,Ž .

� x , 0FxF� ,Ž .
h x sŽ .2 ½ 0, y�Fx�0.

Ž . Ž . w xBoth h x and h x are Riemann integrable on y� , � . Hence, by1 2
Corollary 11.2.1,

�0 1 1lim � x sin nq x dxs lim h x sin nq x dxŽ . Ž .Ž . Ž .H H 12 2
n™� n™�y� y�

s0
� �

1 1lim � x sin nq x dxs lim h x sin nq x dxŽ . Ž .Ž . Ž .H H 22 2
n™� n™�0 y�

s0. �
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Lemma 11.2.2.

1n1 sin nq uŽ .2
q cos kus . 11.18Ž .Ý2 2 sin ur2Ž .ks1

Ž .Proof. Let G u be defined asn

n1
G u s q cos ku.Ž . Ýn 2 ks1

Ž .Multiplying both sides by 2 sin ur2 and using the identity

u
1 12 sin cos kussin kq u ysin ky u ,Ž . Ž .2 22

we obtain

nu u
1 12 sin G u ssin q sin kq u ysin ky uŽ . � 4Ž . Ž .Ýn 2 22 2 ks1

1ssin nq u .Ž .2

Ž .Hence, if sin ur2 �0, then

1sin nq uŽ .2
G u s . �Ž .n 2sin ur2Ž .

Ž . w xTheorem 11.2.1. Let f x be Riemann integrable on y� , � , and let it
Ž .be extended periodically outside this interval. Suppose that at a point x, f x

satisfies the following two conditions:

Ž y. Ž q. Ž y. Ž q.i. Both f x and f x exist, where f x and f x are the left-sided
Ž .and right-sided limits of f x , and

1 y qf x s f x q f x . 11.19Ž . Ž . Ž . Ž .2

ii. Both one-sided derivatives,

xqh y f xqŽ . Ž .
� qf x s lim ,Ž .

q hh™0

f xqh y f xyŽ . Ž .
� yf x s lim ,Ž .

y hh™0

exist.
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Ž . Ž .Then the Fourier series of f x converges to f x at x, that is,

f x if x is a point of continuity,Ž .
s x ™Ž . 1n q y½ w xf x q f x if x is a point of discontinuity of the first kind.Ž . Ž .2

Ž .Before proving this theorem, it should be noted that if f x is continuous
Ž .at x, then condition 11.19 is satisfied. If, however, x is a point of disconti-

Ž . Ž .nuity of f x of the first kind, then f x is defined to be equal to the
Ž . Ž .right-hand side of 11.19 . Such a definition of f x does not affect the values

Ž . Ž .of the Fourier coefficients, a and b , in 11.2 and 11.3 . Hence, the Fouriern n
Ž .series of f x remains unchanged.

Ž . Ž . Ž .Proof of Theorem 11.2.1. From 11.2 , 11.3 , and 11.13 , we have

n� �1 1
s x s f t dtq f t cos kt dt cos kxŽ . Ž . Ž .ÝH Hn ž /2� �y� y�ks1

�1
q f t sin kt dt sin kxŽ .Hž /� y�

n�1
1s f t q cos kt cos kxqsin kt sin kx dtŽ . Ž .ÝH 2� y� ks1

n�1
1s f t q cos k tyx dt.Ž . Ž .ÝH 2� y� ks1

Ž .Using Lemma 11.2.2, s x can be written asn

1
�1 sin nq tyxŽ .Ž .2

s x s f t dt. 11.20Ž . Ž . Ž .Hn ½ 5� 2 sin tyx r2Ž .y�

Ž .If we make the change of variable tyxsu in 11.20 , we obtain

1
�yx1 sin nq uŽ .2

s x s f xqu du.Ž . Ž .Hn � 2 sin ur2Ž .y�yx

1Ž . wŽ . x w Ž .xSince both f xqu and sin nq u r 2sin ur2 have period 2� with2

respect to u, the integral from y�yx to �yx has the same value as the
one from y� to � . Thus,

1
�1 sin nq uŽ .2

s x s f xqu du. 11.21Ž . Ž . Ž .Hn � 2sin ur2Ž .y�
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We now need to show that for each x,

1 y qlim s x s f x q f x .Ž . Ž . Ž .n 2
n™�

Ž .Formula 11.21 can be written as

11 sin nq uŽ .0 2
s x s f xqu duŽ . Ž .Hn � 2 sin ur2Ž .y�

1
�1 sin nq uŽ .2

q f xqu duŽ .H
� 2 sin ur2Ž .0

11 sin nq uŽ .0 2ys f xqu y f x duŽ . Ž .H
� 2 sin ur2Ž .y�

11 sin nq uŽ .0 2yq f x duŽ . H
� 2 sin ur2Ž .y�

1
�1 sin nq uŽ .2qq f xqu y f x duŽ . Ž .H

� 2 sin ur2Ž .0

1
�1 sin nq uŽ .2qq f x du. 11.22Ž . Ž .H

� 2 sin ur2Ž .0

Ž .The first integral in 11.22 can be expressed as

11 sin nq uŽ .0 2yf xqu y f x duŽ . Ž .H
� 2 sin ur2Ž .y�

y1 f xqu y f x uŽ . Ž .0 1s sin nq u du.Ž .H 2� u 2 sin ur2Ž .y�

We note that the function

f xqu y f xy uŽ . Ž .
�

u 2 sin ur2Ž .

w xis Riemann integrable on y� , 0 , and at us0 it has a discontinuity of the
first kind, since

f xqu y f xyŽ . Ž .
� ylim s f x , andŽ .

y uu™0

u
lim s1,

y 2 sin ur2Ž .u™0
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that is, both limits are finite. Consequently, by applying Corollary 11.2.2 to
�w Ž . Ž y.x 4 w Ž .xthe function f xqu y f x ru . ur 2 sin ur2 , we get

11 sin nq uŽ .0 2ylim f xqu y f x dus0. 11.23Ž . Ž . Ž .H
� 2 sin ur2n™� Ž .y�

Ž .We can similarly show that the third integral in 11.22 has a limit equal to
zero as n™�, that is,

1
�1 sin nq uŽ .2qlim f xqu y f x dus0. 11.24Ž . Ž . Ž .H

� 2 sin ur2n™� Ž .0

Furthermore, from Lemma 11.2.2, we have

1 nsin nq u 1Ž .0 02
dus q cos ku duÝH H2 sin ur2 2Ž .y� y� ks1

�
s , 11.25Ž .

2
1 n� �sin nq u 1Ž .2

dus q cos ku duÝH H2 sin ur2 2Ž .0 0 ks1

�
s . 11.26Ž .

2

Ž . Ž .From 11.22 � 11.26 , we conclude that

1 y qlim s x s f x q f x . �Ž . Ž . Ž .n 2
n™�

Ž .Definition 11.2.1. A function f x is said to be piecewise continuous on
w x w xa, b if it is continuous on a, b except for a finite number of discontinuities

w x Ž q. Ž y.of the first kind in a, b , and, in addition, both f a and f b exist. �

Ž . w xCorollary 11.2.3. Suppose that f x is piecewise continuous on y� , � ,
and that it can be extended periodically outside this interval. In addition, if,

w x �Ž q. �Ž y. �Ž q.at each interior point of y� , � , f x and f x exist and f y� and
�Ž y. Ž .f � exist, then at a point x, the Fourier series of f x converges to

1 y qw Ž . Ž .xf x q f x .2

Proof. This follows directly from applying Theorem 11.2.1 and the fact
w xthat a piecewise continuous function on a, b is Riemann integrable there.

�
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Ž . Ž .EXAMPLE 11.2.1. Let f x sx y�FxF� . The periodic extension of
Ž . Ž w x.f x outside the interval y� , � is defined everywhere. In this case,

�1
a s x cos nx dxs0, ns0, 1, 2, . . . ,Hn � y�

�1
b s x sin nx dxHn � y�

nq12 y1Ž .
s , ns1, 2, . . . .

n

Ž .Hence, the Fourier series of f x is

nq1� 2 y1Ž .
x� sin nx.Ý nns1

Ž .This series converges to x at each x in y� , � . At xsy� , � we have
Ž .discontinuities of the first kind for the periodic extension of f x . Hence, at

xs� , the Fourier series converges to

1 1y qf � q f � s �q y�Ž . Ž . Ž .2 2

s0.

Similarly, at xsy� , the series converges to

1 1y qf y� q f y� s �q y�Ž . Ž . Ž .2 2

s0.

For other values of x, the series converges to the value of the periodic
Ž .extension of f x .

Ž . 2EXAMPLE 11.2.2. Consider the function f x sx defined in Example
11.1.2. Its Fourier series is

n2 �� y1Ž .
2x � q4 cos nx.Ý 23 nns1

Ž .The periodic extension of f x is continuous everywhere. We can therefore
write

n2 �� y1Ž .
2x s q4 cos nx.Ý 23 nns1
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In particular, for xs�� , we have

2 n2 �� y1Ž .
2� s q4 ,Ý 23 nns1

2 �� 1
s .Ý 26 nns1

11.3. DIFFERENTIATION AND INTEGRATION
OF FOURIER SERIES

Ž .In Section 11.2 conditions were given under which a function f x defined on
w xy� , � is represented as a Fourier series. In this section, we discuss the
conditions under which the series can be differentiated or integrated term by
term.

� w xTheorem 11.3.1. Let a r2qÝ a cos nxqb sin nx be the Fourier0 ns1 n n
Ž . Ž . w x Ž . Ž . �Ž .series of f x . If f x is continuous on y� , � , f y� s f � , and f x is

w xpiecewise continuous on y� , � , then

�Ž . �Ž .a. at each point where f x exists, f x can be represented by the
Ž .derivative of the Fourier series of f x , where differentiation is done

term by term, that is,

�
� w xf x s nb cos nxyna sin nx ;Ž . Ý n n

ns1

Ž . Ž .b. the Fourier series of f x converges uniformly and absolutely to f x
w xon y� , � .

Proof.

Ž . Ž .a. The Fourier series of f x converges to f x by Corollary 11.2.3. Thus,

�a0 w xf x s q a cos nxqb sin nx .Ž . Ý n n2 ns1

Ž . Ž . Ž .The periodic extension of f x is continuous, since f � s f y� .
�Ž . Ž .Furthermore, the derivative, f x , of f x satisfies the conditions of

�Ž . �Ž .Corollary 11.2.3. Hence, the Fourier series of f x converges to f x ,
that is,

��0� w xf x s q � cos nxq� sin nx , 11.27Ž . Ž .Ý n n2 ns1
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where

�1
�� s f x dxŽ .H0 � y�

1
s f � y f y�Ž . Ž .

�

s0,
�1

�� s f x cos nx dxŽ .Hn � y�

�1 n�
s f x cos nx q f x sin nx dxŽ . Ž .Hy�

� � y�

n
y1Ž .

s f � y f y� qnbŽ . Ž . nn

snb ,n

�1
�� s f x sin nx dxŽ .Hn � y�

�1 n�
s f x sin nx y f x cos nx dxŽ . Ž .Hy�

� � y�

syna .n

Ž .By substituting � , � , and � in 11.27 , we obtain0 n n

�
� w xf x s nb cos nxyna sin nx .Ž . Ý n n

ns1

�Ž . Ž .b. Consider the Fourier series of f x in 11.27 , where � s0, � snb ,0 n n
Ž .� syna . Then, using inequality 11.14 , we obtainn n

� �1 2�2 2� q� F f x dx. 11.28Ž . Ž .Ž .Ý Hn n � y�ns1

Ž . � Ž 2 2 .Inequality 11.28 indicates that Ý � q� is a convergent series.ns1 n n
Ž . n w xNow, let s x s a r2 q Ý a cos kx q b sin kx . Then, forn 0 ks1 k k

nGmq1,

n

w xs x ys x s a cos kxqb sin kxŽ . Ž . Ýn m k k
ksmq1

n

F a cos kxqb sin kx .Ý k k
ksmq1
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Note that

1r22 2a cos kxqb sin kx F a qb . 11.29Ž .Ž .k k k k

Ž .Inequality 11.29 follows from the fact that a cos kxqb sin kx is thek k
Ž .� Ž .�dot product, u � v, of the vectors us a , b , vs cos kx, sin kx , andk k

� � 	 	 	 	 Ž .u � v F u v see Theorem 2.1.2 . Hence,2 2

n
1r22 2s x ys x F a qbŽ . Ž . Ž .Ýn m k k

ksmq1

n 1 1r22 2s � q� . 11.30Ž .Ž .Ý k kkksmq1

But, by the Cauchy�Schwarz inequality,

1r2 1r2n n n1 11r22 2 2 2� q� F � q� ,Ž . Ž .Ý Ý Ýk k k k2k kksmq1 ksmq1 ksmq1

Ž .and by 11.28 ,

n �1 2�2 2� q� F f x dx.Ž .Ž .Ý Hk k � y�ksmq1

In addition, Ý� 1rk 2 is a convergent series. Hence, by the Cauchyks1
criterion, for a given �
0, there exists a positive integer N such that
Ýn 1rk 2 �� 2 if n
m
N. Hence,ksmq1

n

s x ys x F a cos kxqb sin kxŽ . Ž . Ýn m k k
ksmq1

Fc� , if m
n
N , 11.31Ž .

�Ž . � w �Ž .x2 41r2 Ž .where cs 1r� H f x dx . The double inequality 11.31y�

Ž .shows that the Fourier series of f x converges absolutely and uni-
Ž . w xformly to f x on y� , � by the Cauchy criterion. �

Ž . � Ž 2 2 .1r2Note that from 11.30 we can also conclude that Ý a qb satisfiesks1 k k
the Cauchy criterion. This series is therefore convergent. Furthermore, it is
easy to see that

� �
1r22 2a q b F 2 a qb .Ž . Ž .Ý Ýk k k k

ks1 ks1
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� Ž � � � � .This indicates that the series Ý a q b is convergent by the compari-ks1 k k
son test.

Note that, in general, we should not expect that a term-by-term differenti-
Ž . �Ž .ation of a Fourier series of f x will result in a Fourier series of f x . For
Ž . Žexample, for the function f x sx, y�FxF� , the Fourier series is see

.Example 11.2.1

nq1� 2 y1Ž .
x� sin nx.Ý nns1

� Ž .nq1Differentiating this series term by term, we obtain Ý 2 y1 cos nx.ns1
�Ž .This, however, is not the Fourier series of f x s1, since the Fourier series

�Ž . Ž . Ž .of f x s1 is just 1. Note that in this case, f � � f y� , which violates
one of the conditions in Theorem 11.3.1.

Ž . w xTheorem 11.3.2. If f x is piecewise continuous on y� , � and has the
Fourier series

�a0 w xf x � q a cos nxqb sin nx , 11.32Ž . Ž .Ý n n2 ns1

then a term-by-term integration of this series gives the Fourier series of
x Ž . w xH f t dt for xg y� , � , that is,y�

�x a �qx a bŽ .0 n n
f t dts q sin nxy cos nxycos n� ,Ž . Ž .ÝH 2 n ny� ns1

y�FxF� .

x Ž .Furthermore, the integrated series converges uniformly to H f t dt.y�

Ž .Proof. Define the function g x as

x a0
g x s f t dty x . 11.33Ž . Ž . Ž .H 2y�

Ž . w xIf f x is piecewise continuous on y� , � , then it is Riemann integrable
Ž . w xthere, and by Theorem 6.4.7, g x is continuous on y� , � . Furthermore,

Ž . Ž .by Theorem 6.4.8, at each point where f x is continuous, g x is differen-
tiable and

a0�g x s f x y . 11.34Ž . Ž . Ž .
2
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�Ž . w xThis implies that g x is piecewise continuous on y� , � . In addition,
Ž . Ž . Ž .g y� sg � . To show this, we have from 11.33

y� a0
g y� s f t dtq �Ž . Ž .H 2y�

a0
s � .

2

� a0
g � s f t dty �Ž . Ž .H 2y�

a0
sa �y �0 2

a0
s � ,

2

Ž .by the definition of a . Thus, the function g x satisfies the conditions of0
Ž .Theorem 11.3.1. It follows that the Fourier series of g x converges uni-

Ž . w xformly to g x on y� , � . We therefore have

�A0 w xg x s q A cos nxqB sin nx . 11.35Ž . Ž .Ý n n2 ns1

Ž .Moreover, by part a of Theorem 11.3.1, we have

�
� w xg x s nB cos nxynA sin nx . 11.36Ž . Ž .Ý n n

ns1

Ž . Ž . Ž .Then, from 11.32 , 11.34 , and 11.36 , we obtain

a snB , ns1, 2, . . . ,n n

b synA , ns1, 2, . . . .n n

Ž .Substituting in 11.35 , we get

�A b a0 n n
g x s q y cos nxq sin nx .Ž . Ý2 n nns1

Ž .From 11.33 we then have

�x a x A b a0 0 n n
f t dts q q y cos nxq sin nx . 11.37Ž . Ž .ÝH 2 2 n ny� ns1
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Ž .To find the value of A , we set xsy� in 11.37 , which gives0

�a � A b0 0 n
0sy q q y cos n� .Ý ž /2 2 nns1

Hence,
�A a � b0 0 n

s q cos n� .Ý2 2 nns1

Ž .Substituting A r2 in 11.37 , we finally obtain0

�x a �qx a bŽ .0 n n
f t dts q sin nxy cos nxycos n� . �Ž . Ž .ÝH 2 n ny� ns1

11.4. THE FOURIER INTEGRAL

We have so far considered Fourier series corresponding to a function defined
w xon the interval y� , � . As was seen earlier in this chapter, if a function is

w x w xinitially defined on y� , � , we can extend its definition outside y� , � by
Ž . Ž .considering its periodic extension. For example, if f y� s f � , then we

Ž . Ž . Ž . Ž .can define f x everywhere in y�, � by requiring that f xq2� s f x for
w xall x. The choice of the interval y� , � was made mainly for convenience.

Ž .More generally, we can now consider a function f x defined on the interval
w xyc, c . For such a function, the corresponding Fourier series is given by

�a n� x n� x0
q a cos qb sin , 11.38Ž .Ý n nž / ž /2 c cns1

where

c1 n� x
a s f x cos dx , ns0, 1, 2, . . . , 11.39Ž . Ž .Hn ž /c cyc

c1 n� x
b s f x sin dx , ns1, 2, . . . . 11.40Ž . Ž .Hn ž /c cyc

Ž .Now, a question arises as to what to do when we have a function f x that
Ž .is already defined everywhere on y�, � , but is not periodic. We shall show

that, under certain conditions, such a function can be represented by an
infinite integral rather than by an infinite series. This integral is called a
Fourier integral. We now show the development of such an integral.

Ž . Ž .Substituting the expressions for a and b given by 11.39 , 11.40 inton n
Ž .11.38 , we obtain the Fourier series

�c c1 1 n�
f t dtq f t cos tyx dt. 11.41Ž . Ž . Ž . Ž .ÝH H2c c cyc ycns1
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Ž . w xIf c is finite and f x satisfies the conditions of Corollary 11.2.3 on yc, c ,
1 y qŽ . w Ž . Ž .xthen the Fourier series 11.41 converges to f x q f x . However, this2

Ž . w xseries representation of f x is not valid outside the interval yc, c unless
Ž .f x is periodic with the period 2c.

In order to provide a representation that is valid for all values of x when
Ž . Ž .f x is not periodic, we need to consider extending the series in 11.41 by

Ž .letting c go to infinity, assuming that f x is absolutely integrable over the
whole real line. We now show how this can be done:

Ž . � Ž .As c™�, the first term in 11.41 goes to zero provided that H f t dty�

Ž .exists. To investigate the limit of the series in 11.41 as c™�, we set
	 s �rc, 	 s 2�rc, . . . , 	 s n�rc, . . . , 
	 s 	 y 	 s �rc, n s1 2 n n nq1 n
1, 2, . . . . We can then write

� �c c1 n� 1
f t cos tyx dts 
	 f t cos 	 tyx dt.Ž . Ž . Ž . Ž .Ý ÝH Hn nc c �yc ycns1 ns1

11.42Ž .

Ž .When c is large, 
	 is small, and the right-hand side of 11.42 will be ann
approximation of the integral

� �1
f t cos 	 tyx dt d	. 11.43Ž . Ž . Ž .H H½ 5� 0 y�

Ž . Ž .This is the Fourier integral of f x . Note that 11.43 can be written as

�

a 	 cos 	 xqb 	 sin 	 x d	, 11.44Ž . Ž . Ž .H
0

where

�1
a 	 s f t cos 	t dt ,Ž . Ž .H

� y�

�1
b 	 s f t sin 	t dt.Ž . Ž .H

� y�

Ž .The expression in 11.44 resembles a Fourier series where the sum has been
replaced by an integral and the parameter 	 is used in place of the integer n.

Ž . Ž .Moreover, a 	 and b 	 act like Fourier coefficients.
Ž .We now show that the Fourier integral in 11.43 provides a representa-

Ž . Ž .tion for f x provided that f x satisfies the conditions of the next theorem.

Ž .Theorem 11.4.1. Let f x be piecewise continuous on every finite inter-
w x � � Ž . � Ž .val a, b . If H f x dx exists, then at every point x y��x�� wherey�
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� � 1q y yŽ . Ž . Ž . w Ž .f x and f x exist, the Fourier integral of f x converges to f x q2
Ž q.xf x , that is,

� �1
1 y qf t cos 	 tyx dt d	s f x q f x .Ž . Ž . Ž . Ž .H H 2½ 5� 0 y�

The proof of this theorem depends on the following lemmas:

Ž . w xLemma 11.4.1. If f x is piecewise continuous on a, b , then

b
lim f x sin nx dxs0, 11.45Ž . Ž .H

n™� a

b
lim f x cos nx dxs0. 11.46Ž . Ž .H

n™� a

w xProof. Let the interval a, b be divided into a finite number of subinter-
Ž .vals on each of which f x is continuous. Let any one of these subintervals be

w x Ž .denoted by p, q . To prove formula 11.45 we only need to show that

q
lim f x sin nx dxs0. 11.47Ž . Ž .H

n™� p

w xFor this purpose, we divide the interval p, q into k equal subintervals using
the partition points x sp, x , x , . . . , x sq. We can then write the integral0 1 2 k

Ž .in 11.47 as

ky1 x iq1
f x sin nx dx ,Ž .Ý H

xiis0

or equivalently as

ky1 x xiq1 iq1
f x sin nx dxq f x y f x sin nx dx .Ž . Ž . Ž .Ý H Hi i½ 5

x xi iis0

It follows that

ky1q cos nx ycos nxi iq1
f x sin nx dx F f xŽ . Ž .ÝH i np is0

ky1 x iq1
q f x y f x dx.Ž . Ž .Ý H i

xiis0
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� Ž . � w xLet M denote the maximum value of f x on p, q . Then

ky1q x2 Mk iq1
f x sin nx dx F q f x y f x dx. 11.48Ž . Ž . Ž . Ž .ÝH H inp xiis0

Ž . w xFurthermore, since f x is continuous on p, q , it is uniformly continuous
w Ž .there if necessary, f x can be made continuous at p, q by simply using

Ž q. Ž y. Ž . xf p and f q as the values of f x at p, q, respectively . Hence, for a
given �
0, there exists a �
0 such that

�
f x y f x � 11.49Ž . Ž . Ž .1 2 2 qypŽ .

� � w xif x yx �� , where x and x are points in p, q . If k is chosen large1 2 1 2
� � � �enough so that x yx �� , and hence xyx �� if x FxFx , theniq1 i i i iq1

Ž .from 11.48 we obtain

ky1q x2 Mk � iq1
f x sin nx dx F q dx ,Ž . ÝH Hn 2 qypŽ .p xiis0

or

q 2 Mk �
f x sin nx dx F q ,Ž .H n 2p

since

ky1 ky1x iq1
dxs x yxŽ .Ý ÝH iq1 i

xiis0 is0

sqyp.

Choosing n large enough so that 2 Mkrn��r2, we finally get

q
f x sin nx dx �� . 11.50Ž . Ž .H

p

Ž . Ž . Ž .Formula 11.45 follows from 11.50 , since �
0 is arbitrary. Formula 11.46
can be proved in a similar fashion. �

Ž . w x �Ž q.Lemma 11.4.2. If f x is piecewise continuous on 0, b and f 0
exists, then

sin nx �b qlim f x dxs f 0 .Ž . Ž .H x 2n™� 0
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Proof. We have that

sin nx sin nxb bqf x dxs f 0 dxŽ . Ž .H Hx x0 0

f x y f 0qŽ . Ž .b
q sin nx dx. 11.51Ž .H x0

But
sin nx sin xb bn

lim dxs lim dxH Hx xn™� n™�0 0

� sin x �
s dxsH x 20

Ž . Ž .w Ž . Ž q.xsee Gillespie, 1959, page 89 . Furthermore, the function 1rx f x y f 0
w x Ž .is piecewise continuous on 0, b , since f x is, and

f x y f 0qŽ . Ž .
� qlim s f 0 ,Ž .

q xx™0

which exists. Hence, by Lemma 11.4.1,

f x y f 0qŽ . Ž .b
lim sin nx dxs0.H xn™� 0

Ž .From 11.51 we then have

sin nx �b qlim f x dxs f 0 . �Ž . Ž .H x 2n™� 0

Ž . w x �Ž y.Lemma 11.4.3. If f x is piecewise continuous on a, b , and f x ,0
�Ž q.f x exist at x , a�x �b, then0 0 0

sin n xyx �Ž .b 0 y qlim f x dxs f x q f x .Ž . Ž . Ž .H 0 0xyx 2n™� a 0

Proof. We have that

xsin n xyx sin n xyxŽ . Ž .b 00 0
f x dxs f x dxŽ . Ž .H Hxyx xyxa a0 0

sin n xyxŽ .b 0
q f x dxŽ .H xyxx 00

x ya sin nx0
s f x yx dxŽ .H 0 x0

sin nxbyx 0q f x qx dx.Ž .H 0 x0
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Lemma 11.4.2 applies to each of the above integrals, since the right-hand
Ž . Ž . �Ž y. �Ž q.derivatives of f x yx and f x qx at xs0 are yf x and f x ,0 0 0 0

respectively, and both derivatives exist. Furthermore,

lim f x yx s f xyŽ . Ž .0 0qx™0

and

lim f x qx s f xq .Ž . Ž .0 0qx™0

It follows that

sin n xyx �Ž .b 0 y qlim f x dxs f x q f x . �Ž . Ž . Ž .H 0 0xyx 2n™� a 0

Ž .Proof of Theorem 11.4.1. The function f x satisfies the conditions of
w xLemma 11.4.3 on the interval a, b . Hence, at any point x, a�x�b, where

�Ž y. �Ž q.f x and f x exist,0 0

sin 	 tyx �Ž .b y qlim f t dts f x q f x . 11.52Ž . Ž . Ž . Ž .H tyx 2	™� a

Let us now partition the integral

� sin 	 tyxŽ .
Is f t dtŽ .H tyxy�

as

a sin 	 tyx sin 	 tyxŽ . Ž .b
Is f t dtq f t dtŽ . Ž .H Htyx tyxy� a

� sin 	 tyxŽ .
q f t dt. 11.53Ž . Ž .H tyxb

Ž .From the first integral in 11.53 we have

a asin 	 tyx f tŽ . Ž .
f t dt F dt.Ž .H Htyx tyxy� y�

� �Since tFa and a�x, then tyx Gxya. Hence,

a af t 1Ž .
dtF f t dt. 11.54Ž . Ž .H Htyx xyay� y�
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Ž . � � Ž . �The integral on the right-hand side of 11.54 exists because H f t dty�

Ž .does. Similarly, from the third integral in 11.53 we have, if x�b,

� �sin 	 tyx f tŽ . Ž .
f t dt F dtŽ .H Htyx tyxb b

�1
F f t dtŽ .Hbyx b

�1
F f t dt.Ž .Hbyx y�

Ž .Hence, the first and third integrals in 11.53 are convergent. It follows that
for any �
0, there exists a positive number N such that if a�yN and
b
N, then these integrals will each be less than �r3 in absolute value.

Ž .Furthermore, by 11.52 , the absolute value of the difference between the
Ž . Ž .w Ž y. Ž q.xsecond integral in 11.53 and the value �r2 f x q f x can be made

less then �r3, if 	 is chosen large enough. Consequently, the absolute value
Ž .w Ž y. Ž q.xof the difference between the value of the integral I and �r2 f x q f x

will be less than � , if 	 is chosen large enough. Thus,

� sin 	 tyx �Ž .
y qlim f t dts f x q f x . 11.55Ž . Ž . Ž . Ž .H tyx 2	™� y�

w Ž .x Ž . Ž .The expression sin 	 tyx r tyx in 11.55 can be written as

sin 	 tyxŽ . 	
s cos � tyx d� .Ž .Htyx 0

Ž .Formula 11.55 can then be expressed as

�1 	1 y qf x q f x s lim f t dt cos � tyx d�Ž . Ž . Ž . Ž .H H2 � 	™� y� 0

�1 	
s lim d� f t cos � tyx dt. 11.56Ž . Ž . Ž .H H

� 	™� 0 y�

Ž .The change of the order of integration in 11.56 is valid because the
Ž . � Ž . �integrand in 11.56 does not exceed f t in absolute value, so that the

� Ž . w Ž .x Žintegral H f t cos � tyx dt converges uniformly for all � see Carslaw,y�

. Ž .1930, page 199; Pinkus and Zafrany, 1997, page 187 . From 11.56 we finally
obtain

� �1
1 y qf x q f x s f t cos � tyx dt d� . �Ž . Ž . Ž . Ž .H H2 ½ 5� 0 y�
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11.5. APPROXIMATION OF FUNCTIONS BY TRIGONOMETRIC
POLYNOMIALS

By a trigonometric polynomial of the nth order it is meant an expression of
the form

n�0 w xt x s q � cos kxq� sin kx . 11.57Ž . Ž .Ýn k k2 ks1

A theorem of Weierstrass states that any continuous function of period 2�
can be uniformly approximated by a trigonometric polynomial of some order
Ž .see, for example, Tolstov, 1962, Chapter 5 . Thus, for a given �
0, there

Ž .exists a trigonometric polynomial of the form 11.57 such that

f x y t x ��Ž . Ž .n

Ž .for all values of x. In case the Fourier series for f x is uniformly convergent,
Ž . Ž .then t x can be chosen to be equal to s x , the nth partial sum of then n

Ž .Fourier series. However, it should be noted that t x is not merely a partialn
Ž .sum of the Fourier series for f x , since a continuous function may have a

Ž . Ž .divergent Fourier series see Jackson,1941, page 26 . We now show that s xn
has a certain optimal property among all trigonometric polynomials of the

Ž .same order. To demonstrate this fact, let f x be Riemann integrable on
w x Ž .y� , � , and let s x be the partial sum of order n of its Fourier series, thatn

Ž . n w x Ž . Ž . Ž .is, s x sa r2qÝ a cos kxqb sin kx . Let r x s f x ys x . Then,n 0 ks1 k k n n
Ž .from 11.2 ,

� �

f x cos kx dxs s x cos kx dxŽ . Ž .H H n
y� y�

s� a , ks0, 1, . . . , n.k

Hence,

�

r x cos kx dxs0 for kFn. 11.58Ž . Ž .H n
y�

We can similarly show that

�

r x sin kx dxs0 for kFn. 11.59Ž . Ž .H n
y�
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Ž . Ž . Ž . Ž . Ž .Now, let u x s t x ys x , where t x is given by 11.57 . Thenn n n n

� �2 2f x y t x dxs r x yu x dxŽ . Ž . Ž . Ž .H Hn n n
y� y�

� � �
2 2s r x dxy2 r x u x dxq u x dxŽ . Ž . Ž . Ž .H H Hn n n n

y� y� y�

� �2 2s f x ys x dxq u x dx , 11.60Ž . Ž . Ž . Ž .H Hn n
y� y�

Ž . Ž .since, by 11.58 and 11.59 ,

�

r x u x dxs0.Ž . Ž .H n n
y�

Ž .From 11.60 it follows that

� �2 2f x y t x dxG f x ys x dx. 11.61Ž . Ž . Ž . Ž . Ž .H Hn n
y� y�

� w Ž .This shows that for all trigonometric polynomials of order n, H f x yy�

Ž .x2 Ž . Ž .t x dx is minimized when t x ss x .n n n

11.5.1. Parseval’s Theorem

Ž . Ž .Suppose that we have the Fourier series 11.5 for the function f x , which is
Ž .assumed to be continuous of period 2� . Let s x be the nth partial sum ofn

the series. We recall from the proof of Lemma 11.2.1 that

2 n� � � a02 2 2 2f x ys x dxs f x dxy q� a qb . 11.62Ž . Ž . Ž . Ž .Ž .ÝH Hn k k2y� y� ks1

We also recall that for a given �
0, there exists a trigonometric polynomial
Ž .t x of order n such thatn

f x y t x �� .Ž . Ž .n

Hence,

� 2 2f x y t x dx�2�� .Ž . Ž .H n
y�
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Ž .Applying 11.61 , we obtain

� �2 2f x ys x dxF f x y t x dxŽ . Ž . Ž . Ž .H Hn n
y� y�

�2�� 2 . 11.63Ž .

Ž . Ž .Since �
0 is arbitrary, we may conclude from 11.62 and 11.63 that the
Ž .limit of the right-hand side of 11.62 is zero as n™�, that is,

2 ��1 a02 2 2f x dxs q a qb .Ž . Ž .ÝH k k� 2y� ks1

This result is known as Parse®al’s theorem after Marc Antoine Parseval
Ž .1755�1836 .

11.6. THE FOURIER TRANSFORM

In the previous sections we discussed Fourier series for functions defined on
Ža finite interval or periodic functions defined on R, the set of all real

.numbers . In this section, we study a particular transformation of functions
defined on R which are not periodic.

Ž . Ž . Ž .Let f x be defined on Rs y�, � . The Fourier transform of f x is a
function defined on R as

�1
yi w xF w s f x e dx , 11.64Ž . Ž . Ž .H2� y�

'where i the complex number y1 , and

eyi w xscos wxy i sin wx .

A proper understanding of such a transformation requires some knowledge
of complex analysis, which is beyond the scope of this book. However, due to
the importance and prevalence of the use of this transformation in various
fields of science and engineering, some coverage of its properties is neces-
sary. For this reason, we merely state some basic results and properties
concerning this transformation. For more details, the reader is referred to

Žstandard books on Fourier series, for example, Pinkus and Zafrany 1997,
. Ž . ŽChapter 3 , Kufner and Kadlec 1971, Chapter 8 , and Weaver 1989,
.Chapter 6 .

Ž .Theorem 11.6.1. If f x is absolutely integrable on R, then its Fourier
Ž .transform F w exists.
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Ž .Theorem 11.6.2. If f x is piecewise continuous and absolutely inte-
Ž .grable on R, then its Fourier transform F w has the following properties:

Ž .a. F w is a continuous function on R.
Ž .b. lim F w s0.w™ ��

Ž .Note that f x is piecewise continuous on R if it is piecewise continuous
w xon each finite interval a, b .

Ž . y� x �EXAMPLE 11.6.1. Let f x se . This function is absolutely integrable
on R, since

� �
y x yxe dxs2 e dxH H

y� 0

s2.

Its Fourier transform is given by

�1
y x yi w xF w s e e dxŽ . H2� y�

�1
y xs e cos wxy i sin wx dxŽ .H2� y�

�1
y xs e cos wx dxH2� y�

�1
yxs e cos wx dx.H

� 0

Integrating by parts twice, it can be shown that

1
F w s .Ž . 2� 1qwŽ .

EXAMPLE 11.6.2. Consider the function

1 x Fa,
f x sŽ . ½ 0 otherwise,

where a is a finite positive number. This function is absolutely integrable on
R, since

� a
f x dxs dxŽ .H H

y� ya

s2 a.
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Its Fourier transform is given by

a1
yi w xF w s e dxŽ . H2� ya

1
iw a yi w as e yeŽ .

2� iw
sin wa

s .
� w

The next theorem gives the condition that makes it possible to express the
Ž .function f x in terms of its Fourier transform using the so-called in®erse

Fourier transform.

Ž .Theorem 11.6.3. Let f x be piecewise continuous and absolutely inte-
�Ž y. �Ž q.grable on R. Then for every point xgR where f x and f x exist, we

have
�

1 y q iw xf x q f x s F w e dw.Ž . Ž . Ž .H2
y�

Ž .In particular, if f x is continuous on R, then

�
iw xf x s F w e dw. 11.65Ž . Ž . Ž .H

y�

By applying Theorem 11.6.3 to the function in Example 11.6.1, we obtain

�
iw xe

y xe s dwH 2� 1qwŽ .y�

� 1
s cos wxq i sin wx dwŽ .H 2� 1qwŽ .y�

� cos wx
s dwH 2� 1qwŽ .y�

�2 cos wx
s dw.H 2� 1qw0

11.6.1. Fourier Transform of a Convolution

Ž . Ž .Let f x and g x be absolutely integrable functions on R. By definition, the
function

�

h x s f xyy g y dy 11.66Ž . Ž . Ž . Ž .H
y�

Ž . Ž . Ž .Ž .is called the convolution of f x and g x and is denoted by f � g x .
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Ž . Ž .Theorem 11.6.4. Let f x and g x be absolutely integrable on R. Let
Ž . Ž .F w and G w be their respective Fourier transforms. Then, the Fourier

Ž .Ž . Ž . Ž .transform of the convolution f � g x is given by 2� F w G w .

11.7. APPLICATIONS IN STATISTICS

Fourier series have been used in a wide variety of areas in statistics, such as
time series, stochastic processes, approximation of probability distribution
functions, and the modeling of a periodic response variable, to name just a
few. In addition, the methods and results of Fourier analysis have been

Žeffectively utilized in the analytic theory of probability see, for example,
.Kawata, 1972 .

11.7.1. Applications in Time Series

A time series is a collection of observations made sequentially in time.
Examples of time series can be found in a variety of fields ranging from
economics to engineering. Many types of time series occur in the physical
sciences, particularly in meteorology, such as the study of rainfall on succes-
sive days, as well as in marine science and geophysics.

The stimulus for the use of Fourier methods in time series analysis is the
recognition that when observing data over time, some aspects of an observed
physical phenomenon tend to exhibit cycles or periodicities. Therefore, when
considering a model to represent such data, it is natural to use models that
contain sines and cosines, that is, trigonometric models, to describe the
behavior. Let y , y , . . . , y denote a time series consisting of n observations1 2 n
obtained over time. These observations can be represented by the trigono-
metric polynomial model

ma0 w xy s q a cos � tqb sin � t , ts1, 2, . . . , n ,Ýt k k k k2 ks1

where

2� k
� s , ks0, 1, 2, . . . , m ,k n

n2
a s y cos � t , ks0, 1, . . . , m ,Ýk t kn ts1

n2
b s y sin � t , ks1, 2, . . . , m.Ýk t kn ts1
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The values � , � , . . . , � are called harmonic frequencies. This model1 2 m
provides a decomposition of the time series into a set of cycles based on the
harmonic frequencies. Here, n is assumed to be odd and equal to 2mq1, so
that the harmonic frequencies lie in the range 0 to � . The expressions for ak
Ž . Ž .ks0, 1, . . . , m and b ks1, 2, . . . , m were obtained by treating the modelk
as a linear regression model with 2mq1 parameters and then fitting it to the
2mq1 observations by the method of least squares. See, for example, Fuller
Ž .1976, Chapter 7 .

The quantity

n
2 2I � s a qb , ks1, 2, . . . , m , 11.67Ž . Ž .Ž .n k k k2

represents the sum of squares associated with the frequency � . For ksk
Ž .1, 2, . . . , m, the quantities in 11.67 define the so-called periodogram.

If y , y , . . . , y are independently distributed as normal variates with zero1 2 n
means and variances 
 2, then the a ’s and b ’s, being linear combinations ofk k
the y ’s, will be normally distributed. They are also independent, since thet

w Ž 2 .xŽ 2 2 .sine and cosine functions are orthogonal. It follows that nr 2
 a qb ,k k
for ks1, 2, . . . , m, are distributed as independent chi-squared variates with
two degrees of freedom each. The periodogram can be used to search for
cycles or periodicities in the data.

Much of time series data analysis is based on the Fourier transform and its
efficient computation. For more details concerning Fourier analysis of time

Ž .series, the reader is referred to Bloomfield 1976 and Otnes and Enochson
Ž .1978 .

11.7.2. Representation of Probability Distributions

One of the interesting applications of Fourier series in statistics is in
providing a representation that can be used to evaluate the distribution

Ž .function of a random variable with a finite range. Woods and Posten 1977
introduced two such representations by combining the concepts of Fourier

Ž .series and Chebyshev polynomials of the first kind see Section 10.4.1 . These
representations are given by the following two theorems:

Theorem 11.7.1. Let X be a random variable with a cumulative distribu-
Ž . w x Ž .tion function F x defined on 0, 1 . Then, F x can be represented as a

Fourier series of the form

0, x�0,°
�~1y�r�yÝ b sin n� , 0FxF1,F x sŽ . ns1 n¢

1, x
1,
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Ž . w Ž .x w � Ž .x w � Ž .xwhere �sArccos 2 xy1 , b s 2r n� E T X , and E T X is then n n
expected value of the random variable

�T X scos n Arccos 2 Xy1 , 0FXF1. 11.68Ž . Ž . Ž .n

� Ž .Note that T x is basically a Chebyshev polynomial of the first kind andn
w xof the nth degree defined on 0, 1 .

Ž .Proof. See Theorem 1 in Woods and Posten 1977 . �

The second representation theorem is similar to Theorem 11.7.1, except
w xthat X is now assumed to be a random variable over y1, 1 .

Theorem 11.7.2. Let X be a random variable with a cumulative distribu-
Ž . w xtion function F x defined on y1, 1 . Then

0, x�y1,°
�~1y�r�yÝ b sin n� , y1FxF1,F x sŽ . ns1 n¢

1, x
1,

w Ž .x w Ž .x w Ž .xwhere �sArccos x, b s 2r n� E T X , E T X is the expected valuen n n
of the random variable

w xT X scos n Arccos X , y1FXF1,Ž .n

Ž . wand T x is Chebyshev polynomial of the first kind and the nth degree seen
Ž .xformula 10.12 .

Ž .Proof. See Theorem 2 in Woods and Posten 1977 . �

Ž .To evaluate the Fourier series representation of F x , we must first
compute the coefficients b . For example, in Theorem 11.7.2, b sn n
w Ž .x w Ž .x Ž .2r n� E T X . Since the Chebyshev polynomial T x can be written inn n
the form

n
kT x s � x , ns1, 2, . . . ,Ž . Ýn nk

ks0

the computation of b is equivalent to evaluatingn

n2
�b s � � , ns1, 2, . . . ,Ýn nk kn� ks0

� Ž k .where � sE X is the kth noncentral moment of X. The coefficients �k nk
Ž .can be obtained by using the recurrence relation 10.16 , that is,

T x s2 xT x yT x , ns1, 2, . . . ,Ž . Ž . Ž .nq1 n ny1
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Ž . Ž .with T x s1, T x sx. This allows us to evaluate the � ’s recursively. The0 1 nk
series

��
F x s1y y b sin n�Ž . Ý n� ns1

is then truncated at nsN. Thus

N�
F x f1y y b sin k� .Ž . Ý k� ks1

Several values of N can be tried to determine the sensitivity of the approxi-
mation. We note that this series expansion provides an approximation of
Ž .F x in terms of the noncentral moments of X. Good estimates of these

moments should therefore be available.
It is also possible to extend the applications of Theorems 11.7.1 and 11.7.2

to a random variable X with an infinite range provided that there exists a
w xtransformation which transforms X to a random variable Y over 0, 1 , or

w xover y1, 1 , such that the moments of Y are known from the moments of X.
Ž .In another application, Fettis 1976 developed a Fourier series expansion

Ž .for Pearson Type IV distributions. These are density functions, f x , that
satisfy the differential equation

df x y xqaŽ . Ž .
s f x ,Ž .2dx c qc xqc x0 1 2

where a, c , c , and c are constants determined from the central moments0 1 2
� , � , � , and � , which can be estimated from the raw data. The data are1 2 3 4
standardized so that � s0, � s1. This results in the following expressions1 2
for a, c , c , and c :0 1 2

2�y1
c s ,0 2 �q1Ž .

c sa1

� �y1Ž .3
s ,

�q1

1
c s ,2 2 �q1Ž .
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where

3 � y�2y1Ž .4 3
�s .22� y3� y64 3

Ž .Fettis 1976 provided additional details that explain how to approximate the
cumulative distribution function,

x
F x s f t dt ,Ž . Ž .H

y�

using Fourier series.

11.7.3. Regression Modeling

In regression analysis and response surface methodology, it is quite common
to use polynomial models to approximate the mean � of a response variable.
There are, however, situations in which polynomial models are not adequate
representatives of the mean response, as when � is known to be a periodic
function. In this case, it is more appropriate to use an approximating function
which is itself periodic.

Ž .Kupper 1972 proposed using partial sums of Fourier series as possible
models to approximate the mean response. Consider the following trigono-
metric polynomial of order d,

d

w x�s� q � cos n�q� sin n� , 11.69Ž .Ý0 n n
us1

where 0F�F2� represents either a variable taking values on the real line
between 0 and 2� , or the angle associated with the polar coordinates of a

Ž .�point on the unit circle. Let us u , u , where u scos �, u ssin �. Then,1 2 1 2
Ž .when ds2, the model in 11.69 can be written as

�s� q� u q� u q� u2y� u2q2� u u , 11.70Ž .0 1 1 1 2 2 1 2 2 2 1 2

since sin 2�s2 sin � cos �s2u u , and cos 2�scos2 �ysin2 �su2yu2 .1 2 1 2
One of the objectives of response surface methodology is the determina-

tion of optimum settings of the model’s control variables that result in a
Ž .maximum or minimum predicted response. The predicted response y at aˆ

Ž .point provides an estimate of � in 11.69 and is obtained by replacing
ˆŽ .� , � , � in 11.69 by their least-squares estimates � , � , and � , respec-ˆ ˆ0 n n 0 n n

tively, ns1, 2, . . . , d. For example, if ds2, we have

2
ˆys� q � cos n�q� sin n� , 11.71Ž .ˆ ˆ ˆÝ0 n n

ns1
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Ž .which can be expressed using 11.70 as

�ˆ � ˆys� qu bqu Bu,ˆ ˆ0

ˆ ˆ �Ž .where bs � , � andˆ1 1

ˆ� �ˆ2 2
B̂s

�̂ y�̂2 2

with u� us1. The method of Lagrange multipliers can then be used to
determine the stationary points of y subject to the constraint u� us1. Detailsˆ

Ž .of this procedure are given in Kupper 1972, Section 3 . In a follow-up paper,
Ž .Kupper 1973 presented some results on the construction of optimal designs

Ž .for model 11.69 .
Ž . Ž .More recently, Anderson-Cook 2000 used model 11.71 in experimental

situations involving cylindrical data. For such data, it is of interest to model
the relationship between two correlated components, one a standard linear
measurement y, and the other an angular measure �. Examples of such data

Ž .arise, for example, in biology plant or animal migration patterns , and
Ž .geology direction and magnitude of magnetic fields . The fitting of model

Ž .11.71 is done by using the method of ordinary least squares with the
assumption that y is normally distributed and has a constant variance.
Anderson-Cook used an example, originally presented in Mardia and Sutton
Ž . Ž1978 , of a cylindrical data set in which y is temperature measured in

. Ž .degrees Fahrenheit and � is wind direction measured in radians . Based on
this example, the fitted model is

ys41.33y2.43 cos �y2.60 sin �q3.05 cos 2�q2.98 sin 2� .ˆ

ˆ ˆThe corresponding standard errors of � , � , � , � , � are 1.1896, 1.6608,ˆ ˆ ˆ0 1 1 2 2
1.7057, 1.4029, 1.7172, respectively. Both � and � are significant parame-0 2
ters at the 5% level, and � is significant at the 10% level.2

11.7.4. The Characteristic Function

Ž .We have seen that the moment generating function � t for a random
Žvariable X is used to obtain the moments of X see Section 5.6.2 and

. Ž .Example 6.9.8 . It may be recalled, however, that � t may not be defined for
Ž .all values of t. To generate all the moments of X, it is sufficient for � t to

Ž .be defined in a neighborhood of ts0 see Section 5.6.2 . Some well-known
distributions do not have moment generating functions, such as the Cauchy

Ž .distribution see Example 6.9.1 .
Another function that generates the moments of a random variable in a

Ž .manner similar to � t , but is defined for all values of t and for all random



FOURIER SERIES506

variables, is the characteristic function. By definition, the characteristic func-
Ž .tion of a random variable X, denoted by � t , isc

w i t X x� t sE eŽ .c

�
i t xs e dF x , 11.72Ž . Ž .H

y�

Ž .where F x is the cumulative distribution function of X, and i is the complex
'number y1 . If X is discrete and has the values c , c , . . . , c , . . . , then1 2 n

Ž .11.72 takes the form

�
i tc j� t s p c e , 11.73Ž . Ž . Ž .Ýc j

js1

Ž . w xwhere p c sP Xsc , js1, 2, . . . . If X is continuous with the densityj j
Ž .function f x , then

�
i t x� t s e f x dx. 11.74Ž . Ž . Ž .Hc

y�

Ž .The function � t is complex-valued in general, but is defined for all valuesc
i t x � Ž . � Ž .of t, since e scos txq i sin tx, and both H cos tx dF x and H sin tx dF xy� y�

exist by the fact that

� �

cos tx dF x F dF x s1,Ž . Ž .H H
y� y�

� �

sin tx dF x F dF x s1.Ž . Ž .H H
y� y�

The characteristic function and the moment generating function, when the
latter exists, are related according to the formula

� t s� it .Ž . Ž .c

Furthermore, it can be shown that if X has finite moments, then they can be
Ž .obtained by repeatedly differentiating � t and evaluating the derivatives atc

zero, that is,

n1 d � tŽ .cnE X s , ns1, 2, . . . .Ž . n ni dt ts0

Ž .Although � t generates moments, it is mainly used as a tool to derivec
Ž .distributions. For example, from 11.74 we note that when X is continuous,

the characteristic function is a Fourier-type transformation of the density
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Ž . Ž . Ž .function f x . This follows from 11.64 , the Fourier transform of f x , which
Ž . � Ž . yi t x Ž .is given by 1r2� H f x e dx. If we denote this transform by G t ,y�

Ž . Ž .then the relationship between � t and G t is given byc

� t s2� G yt .Ž . Ž .c

Ž .By Theorem 11.6.3, if f x is continuous and absolutely integrable on R,
Ž . Ž . Ž .then f x can be derived from � t by using formula 11.65 , which can bec

written as
�

i t xf x s G t e dtŽ . Ž .H
y�

�1
i t xs � yt e dtŽ .H c2� y�

�1
yi t xs � t e dt. 11.75Ž . Ž .H c2� y�

This is known as the in®ersion formula for characteristic functions. Thus
the distribution of X can be uniquely determined by its characteristic
function. There is therefore a one-to-one correspondence between distribu-
tion functions and their corresponding characteristic functions. This provides
a useful tool for deriving distributions of random variables that cannot be
easily calculated, but whose characteristic functions are straightforward.

Ž .Waller, Turnbull, and Hardin 1995 reviewed and discussed several algo-
rithms for inverting characteristic functions, and gave several examples from

Ž .various areas in statistics. Waller 1995 demonstrated that characteristic
functions provide information beyond what is given by moment generating
functions. He pointed out that moment generating functions may be of more
mathematical than numerical use in characterizing distributions. He used an
example to illustrate that numerical techniques using characteristic functions
can differentiate between two distributions, even though their moment gen-

Ž .erating functions are very similar see also McCullagh, 1994 .
Ž .Luceno 1997 provided further and more general arguments to show that˜

characteristic functions are superior to moment generating and probability
Ž .generating functions see Section 5.6.2 in their numerical behavior.

One of the principal uses of characteristic functions is in deriving limiting
Ždistributions. This is based on the following theorem see, for example,

.Pfeiffer, 1990, page 426 :

� Ž .4�Theorem 11.7.3. Consider the sequence F x of cumulative distri-n ns1
� Ž .4�bution functions. Let � t be the corresponding sequence of character-nc ns1

istic functions.

Ž . Ž .a. If F x converges to a distribution function F x at every point ofn
Ž . Ž . Ž . Ž .continuity for F x , then � t converges to � t for all t, where � tnc c c

Ž .is the characteristic function for F x .
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Ž . Ž . Ž .b. If � t converges to � t for all t and � t is continuous at ts0,nc c c
Ž . Ž .then � t is the characteristic function for a distribution function F xc

Ž . Ž . Ž .such that F x converges to F x at each point of continuity of F x .n

It should be noted that in Theorem 11.7.3 the condition that the limiting
Ž .function � t is continuous at ts0 is essential for the validity of thec

theorem. The following example shows that if this condition is violated, then
the theorem is no longer true:

Consider the cumulative distribution function

0, xFyn ,°
xqn~ , yn�x�n ,F x sŽ .n 2n¢

1, xGn.

The corresponding characteristic function is

n1
i t x� t s e dxŽ . Hnc 2n yn

sin nt
s .

nt

Ž . Ž .As n™�, � t converges for every t to � t defined bync c

1, ts0,
� t sŽ .c ½ 0, t�0.

1Ž . Ž .Thus, � t is not continuous for ts0. We note, however, that F x ™ forc n 2
Ž .every fixed x. Hence, the limit of F x is not a cumulative distributionn

function.

EXAMPLE 11.7.1. Consider the distribution defined by the density func-
Ž . yxtion f x se for x
0. Its characteristic function is given by

�
i t x yx� t s e e dxŽ . Hc

0

�
yx Ž1yi t .s e dxH

0

1
s .

1y it

EXAMPLE 11.7.2. Consider the Cauchy density function

1
f x s , y��x��,Ž . 2� 1qxŽ .
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given in Example 6.9.1. The characteristic function is

�
i t x1 e

� t s dxŽ . Hc 2� 1qxy�

� �1 cos tx i sin tx
s dxq dxH H2 2� �1qx 1qxy� y�

�1 cos tx
s dxH 2� 1qxy�

sey � t � .

Note that this function is not differentiable at ts0. We may recall from
Example 6.9.1 that all moments of the Cauchy distribution do not exist.

EXAMPLE 11.7.3. In Example 6.9.8 we saw that the moment generating
Ž .function for the gamma distribution G � , � with the density function

x �y1eyx r �

f x s , �
0, �
0, 0�x��,Ž . �� � �Ž .

Ž . Ž .y� Ž . Ž .y�is � t s 1y� t . Hence, its characteristic function is � t s 1y i� t .c

EXAMPLE 11.7.4. The characteristic function of the standard normal dis-
tribution with the density function

1 2yx r2f x s e , y��x��,Ž . '2�

is

�1 2yx r2 i t x� t s e e dxŽ . Hc '2� y�

�1 1 2Ž .y x y2 i t x2s e dxH'2� y�

yt 2 r2
�e 1 2Ž .y xyi t2s e dxH'2� y�

seyt 2 r2 .
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Ž .Vice versa, the density function can be retrieved from � t by using thec
Ž .inversion formula 11.75 :

�1 2yt r2 yi t xf x s e e dtŽ . H2� y�

�1 1 2Ž .y t q2 i t x2s e dtH2� y�

�1 1 2 2 2w Ž . Ž . xy t q2 t i x q i x Ž i x . r22s e e dtH2� y�

yx 2 r2
�e 1 1 2Ž .y tqi x2s e dtH' '2� 2�y�

yx 2 r2
�e 1 2yu r2s e duH' '2� 2�y�

eyx 2 r2

s .'2�

11.7.4.1. Some Properties of Characteristic Functions

Ž .The book by Lukacs 1970 provides a detailed study of characteristic
functions and their properties. Proofs of the following theorems can be found
in Chapter 2 of that book.

Theorem 11.7.4. Every characteristic function is uniformly continuous on
the whole real line.

Ž . Ž . Ž .Theorem 11.7.5. Suppose that � t , � t , . . . , � t are characteristic1c 2 c nc
functions. Let a , a , . . . , a be nonnegative numbers such that Ýn a s1.1 2 n is1 i

n Ž .Then Ý a � t is also a characteristic function.is1 i ic

Theorem 11.7.6. The characteristic function of the convolution of two
distribution functions is the product of their characteristic functions.

Theorem 11.7.7. The product of two characteristic functions is a charac-
teristic function.
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EXERCISES

In Mathematics

11.1. Expand the following functions using Fourier series:
( ) Ž . � �a f x s x , y�FxF� .
( ) Ž . � �b f x s sin x .
( ) Ž . 2c f x sxqx , y�FxF� .

11.2. Show that
� 21 �

s .Ý 2 82ny1Ž .ns1

w 2 xHint: Use the Fourier series for x .

11.3. Let a and b be the Fourier coefficients for a continuous functionn n
Ž . w x Ž . Ž . �Ž .f x defined on y� , � such that f y� s f � , and f x is piece-

w xwise continuous on y� , � . Show that
( ) Ž .a lim na s0,n™� n

( ) Ž .b lim nb s0.n™� n

Ž . w x Ž . Ž . �Ž .11.4. If f x is continuous on y� , � , f y� s f � , and f x is piece-
w xwise continuous on y� , � , then show that

c
f x ys x F ,Ž . Ž .n 'n

where
na0 w xs x s q a cos kxqb sin kx ,Ž . Ýn k k2 ks1

and
�1

� 22c s f x dx.Ž .H
� y�
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Ž . w x11.5. Suppose that f x is piecewise continuous on y� , � and has the
Ž .Fourier series given in 11.32 .

( ) � Ž .na Show that Ý y1 b rn is a convergent series.ns1 n

( ) �b Show that Ý b rn is convergent.ns1 n
w xHint: Use Theorem 11.3.2.

� Ž .11.6. Show that the trigonometric series, Ý sin nx rlog n, is not a Fourierns2
series of any integrable function.
w Ž .Hint: If it were a Fourier series of a function f x , then b s1rlog nn
would be the Fourier coefficient of an odd function. Apply now part
Ž .b of Exercise 11.5 and show that this assumption leads to a contra-

xdiction.

Ž .11.7. Consider the Fourier series of f x sx given in Example 11.2.1.
( )a Show that

nq12 2 �x � y1 cos nxŽ .
s y for y��x�� .Ý 24 12 nns1

w x Ž . xHint: Consider the Fourier series of H f t dt.0

( )b Deduce that
nq1 2� y1 �Ž .

s .Ý 2 12nns1

11.8. Make use of the result in Exercise 11.7 to find the sum of the series
� wŽ .nq1 x 3Ý y1 sin nx rn .ns1

Ž . yx 2
11.9. Show that the Fourier transform of f x se , y��x��, is given

by

1 2yw r4F w s e .Ž . '2 �

� 1w Ž . Ž . xHint: Show that F w q wF w s0.2

11.10. Prove Theorem 11.6.4 using Fubini’s theorem.

11.11. Use the Fourier transform to solve the integral equation

� 2yx r2f xyy f y dyseŽ . Ž .H
y�

Ž .for the function f x .
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Ž . Ž . Ž .11.12. Consider the function f x sx, y��x�� , with f y� s f � s0,
Ž . Ž . Ž .and f x 2�-periodic defined on y�, � . The Fourier series of f x

is

nq1� 2 y1 sin nxŽ .
.Ý nns1

Ž .Let s x be the nth partial sum of this series, that is,n

kq1n 2 y1Ž .
s x s sin kx.Ž . Ýn kks1

Let x s�y�rn.n

( )a Show that

n 2 sin k�rnŽ .
s x s .Ž . Ýn n kks1

( )b Show that

� sin x
lim s x s2 dxŽ . Hn n xn™� 0

f1.18� .

Note: As n™�, x ™�y. Hence, for n sufficiently large,n

s x y f x f1.18�y�s0.18� .Ž . Ž .n n n

w Ž .xThus, near xs� a point of discontinuity for f x , the partial
sums of the Fourier series exceed the value of this function by
approximately the amount 0.18�s0.565. This illustrates the so-
called Gibbs phenomenon according to which the Fourier series of
Ž . Ž .f x ‘‘overshoots’’ the value of f x in a small neighborhood to

Ž .the left of the point of discontinuity of f x . It can also be shown
that in a small neighborhood to the right of xsy� , the Fourier

Ž . Ž .series of f x ‘‘undershoots’’ the value of f x .

In Statistics

11.13. In the following table, two observations of the resistance in ohms are
recorded at each of six equally spaced locations on the perimeter of a
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Ž .new type of solid circular coil see Kupper, 1972, Table 1 :

Ž . Ž .� radians Resistance ohms

0 13.62, 14.40
�r3 10.552, 10.602

2�r3 2.196, 3.696
� 6.39, 7.25

4�r3 8.854, 10.684
5�r3 5.408, 8.488

( )a Use the method of least squares to estimate the parameters in the
following trigonometric polynomial of order 2:

2

w x�s� q � cos n�q� sin n� ,Ý0 n n
ns1

where 0F�F2� , and � denotes the average resistance at loca-
tion �.

( ) Ž .b Use the prediction equation obtained in part a to determine the
points of minimum and maximum resistance on the perimeter of
the circular coil.

11.14. Consider the following circular data set in which � is wind direction
Ž .and y is temperature see Anderson�Cook, 2000, Table 1 .

Ž . Ž . Ž . Ž .� radians y �F � radians y �F

4.36 52 4.54 38
3.67 41 2.62 40
4.36 41 2.97 49
1.57 31 4.01 48
3.67 53 4.19 37
3.67 47 5.59 37
6.11 43 5.59 33
5.93 43 3.32 47
0.52 41 3.67 51
3.67 46 1.22 42
3.67 48 4.54 53
3.32 52 4.19 46
4.89 43 3.49 51
3.14 46 4.71 39

Fit a secondyorder trigonometric polynomial to this data set, and
verify that the prediction equation is given by

ys41.33y2.43 cos �y2.60 sin �q3.05 cos 2�q2.98 sin 2� .ˆ



FOURIER SERIES516

� 4�11.15. Let Y be a sequence of independent, indentically distributedn ns1
random variables with mean � and variance 
 2. Let

Y y�n�s s ,n '
r n

nŽ .where Y s 1rn Ý Y .n is1 i

( ) �a Find the characteristic function of s .n

( ) Ž .b Use Theorem 11.7.3 and part a to show that the limiting distri-
bution of s� as n™� is the standard normal distribution.n

Ž .Note: Part b represents the statement of the well-known central
limit theorem, which asserts that for large n, the arithmetic mean
Y of a sample of independent, identically distributed randomn
variables is approximately normally distributed with mean � and

'standard deviation 
r n .


